Taking advantage of coherent light polarizations, we experimentally investigate the variance-based uncertainty relations and the optimal universal uncertainty relation. Different from measuring the individual quanta in most of the experiments, we examine the uncertainty relations by measuring the Stokes parameters of coherent radiation field, which yields high precision results. We experimentally verify the optimality of a recently proposed universal uncertainty relation by measuring the Lorenz curves. Result shows that the Lorenz curve represents the faithful verification of the majorization uncertainty relation and the uncertainty relation is indeed an ensemble property of quantum system.
I. INTRODUCTION
Uncertainty relation is one of the symbolic features of quantum mechanics, and behaves as a fundamental limitation on the precision measurements of incompatible observables. Since the seminal work of Heisenberg [1] , investigations by Kennard [2] , Weyl [3] , and Robertson [4] give the rigorous derivation of the uncertainty relations, among which there is the following famous formulation
Here ∆X 2 represents the variance of the observable X and the commutator is [X, Y ] := XY −Y X. The inequality (1) predicts a trade off relation between variances of two observables, lower bounded by the expectation value of their commutator. Except for the canonical commutation relation [x, p] = i , the expectation of the commutator may be zero and the uncertainty relation (1) then turns out to be trivial.
To avoid state dependence of the lower bounds, entropic uncertainty relations were developed [5] . A typical form of the entropic uncertainty relation reads [6] 
where H(·) is the Shannon entropy of the probability distribution p X,Y for the measurement outcomes of the observable X(Y ) and c := max i,j | x i |y j | 2 is the maximum overlap of the eigenvectors of X and Y . Similar uncertainty relations also hold for other entropic functions, e.g. Rényi entropies [7] , and the corresponding lower bounds vary with the chosen functions. For this reason, the "universal uncertainty relation" was proposed [8] 
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Here ⊗ is the direct product and ω is a state independent vector. The majorization relation between two
, and equality holds for k = N . The superscript ↓ means that the components of the vector are arranged in descending order. Equation (3) is universal in the sense that different entropic uncertainty relations can be obtained by applying different Schur-concave functions on equation (3) [8] . Since the work of Maccone and Pati [9] , more tightened lower bounds were developed in both product [10, 11] and sum forms [10] [11] [12] [13] for the variance-based uncertainty relations. The generalizations to incorporate N observables [14] [15] [16] and stateindependent lower bounds [17] [18] [19] were also obtained.
Experimental verifications of the uncertainty relations of [9] were carried out using the single photon states generated via spontaneous parametric down-conversion (SPDC) [20] . Using the single spin in the nitrogenvacancy (NV) center, an uncertainty relation for triple observables has been experimentally verified [21] . Systematic comparisons of typical variance-based uncertainty relations through experiment are carried out in [22] with SPDC single photon source (see [23, 24] for latest development). On the other hand, there are also the experiments for the entropic uncertainty relations using NV center [25] . However, as the majorization relation is not simply a total order, the test of universal uncertainty relation is subtle when measuring entropic functions, be- 26] . This difficulty can be overcome by virtue of the Lorenz curve measurement scheme [27] , where an optimal universal majorization uncertainty relation was proposed.
People may notice that the existing experiments about uncertainty relation mostly focus on the measurement of each individual quantum. As the uncertainty relations discussed here are ensemble properties of the quantum system (the preparation uncertainty relation), a high and stable flux of quanta would be suitable for the verification of uncertainty relation. In this paper, we express the uncertainty relations of qubit system in terms of Stokes parameters of polarized beam. Two typical variance-based uncertainty relations are then tested and the results are compared with the previous ones from single photon source measurement. Using the same photon source, we perform for the first time the experimental test of the optimal universal uncertainty relation by measuring Lorenz curves of majorization relation.
II. UNCERTAINTY RELATIONS WITH STOKES PARAMETERS
For polarized light, let |H and |V be the horizontal and vertical polarizations, then 45
• (|+ ) and 135
• (|− ), left and right handed polarizations are
The Stokes parameters are defined as set of four intensity measurements describing the polarizations state of a radiation field [28] ,
where the subscripts of the intensity I mean the corresponding polarizations. According to the quantum theory of photon detection, the classical intensity of radiation field is proportional to the number of photons counted by detector averaged over a time. Hence, the Stokes parameters can be reexpressed as
Here, N is a constant depending on the detector efficiency and classical intensity. ρ, the density matrix, describes the state of a system. The Stokes parameters are related to the density matrix by following relations [29] :
whereρ 0 is the single qubit identity operator
When working in the |H and |V bases of a two-level system, there exists the following relation betweenρ i and the Pauli operators:
The expectation value of an arbitrary spin observable σ · n along unit direction n = (n x , n y , n z ) now can be evaluated by the Stokes paramaters via
with S = (S 2 , −S 3 , S 1 ).
Following we express the target variance-based uncertainty relations and optimal universal uncertainty relation in Stokes form for experimental preparation.
The uncertainty relation i∈{x,y,z}
has been verified in experiments of single-photon measurement [22] and single spin in diamond [21] . In the general case of N incompatible observables encompassed, a stronger uncertainty relation writes [15] 
This uncertainty relation was demonstrated for the N = 3 case by using single photons through SPDC [22] .
The optimal majorization uncertainty relation for N observables was recently obtained [27] , i.e.,
and anticipates for experimental verifications. Here p i represents the probability distribution of the measurement outcomes of A i ; s denotes a state independent vector. For two and three observables in qubit system, the universal uncertainty relation (16) predicts
Here p x,y,z denote those probability distributions of observables σ x,y,z ; the vectors s = (1,
The above uncertainty relations can be reexpressed in the form of Stokes parameters. A simple substitution turns equation (14) to
with V = (S Here
In qubit system, the probability distribution of measuring σ i may be expressed as
, ∀i ∈ {x, y, z}. Equations (17, 18) can then be reformulated as
While equations (19, 20) are directly verified by measuring the real quantities on the left and right hand sides of the inequalities, the demonstration of equations (21, 22) is subtle. It has been shown that the majorization relation could be verified by measuring the Lorenz curves of the probability distributions [27] . The Lorenz curve of a distribution p exhibits the function f (n) := n µ=1 p ↓ µ . q ≺ p if and only if the Lorenz curve of p encloses that of q. Note, two vectors are incomparable under majorization relation, i.e., p ⊀ q and p q, if and only if their Lorenz curves intersect [27] .
III. EXPERIMENTAL IMPLEMENTATION A. Measuring the uncertainty relations
Being expressed in terms of Stokes parameters S i , now the uncertainty relations for qubit system can be experimentally verified by measuring the corresponding intensities of a polarized beam based on equation (6) . Figure  1 shows the experimental setups for the preparation and measurements of the Stokes parameters of a polarized beam. A 6-mW tested beam originated from a fibercoupled diode laser with a wavelength of 808nm. The power stability is 0.5(%) in long duration. In the stage of preparation, the laser passes through a polarizing beam splitter (PBS), providing linearly polarized light. The transmission path is used to prepare the required state of the light, and the intensity I 2 in another arm is used as a reference. The intensities are directly detected by the optical power meter (OPE). The resolution of OPE is 100pW within the respones time of 1µs, giving sufficient recognition to measure the variation of light intensity.
On the path of transmission, the horizontal light via quarter wave plate (QWP) Q1, half-wave plate (HWP) and QWP Q2 is set to an arbitrary state of the bloch sphere |ψ(θ, φ) = cos , 0) , respectively. The green, magenta, cyan, and violet circles represent the experimental value of s1, s2, s3 and s4 by turns. Error bars represent ±1 standard deviation.
izer (Pol) is applied in the direction of the beam for measuring the Stokes parameters. Finally, the OPE records the intensity distribution I 1 of different projection directions. Note that in order to achieve better experimental results, it is inevitable to measure noise or consider the rate of signal to reference I 1 /I 2 as the real intensity, which can eliminate the impact of the beam energy fluctuation and improve the quality of polarization measurement.
To test inequalities (19) (20) (21) (22) , we choose a series of states |ψ(θ, 0) and |ψ( π 3 , φ) , where θ or φ = nπ/12. Those system states can be generated by tuning the setting angles of Q1 and HWP, and Q2 is set to be 45
• . The experimental results of inequalities are calculated from the measurement of relative Stokes parameters S i /S 0 . We demonstrate uncertainty relations (19, 20) in Figure 2 . All experimental data fit the theoretical predictions well and the bound (19) are above the curves of (20) when N = 3. The results indicate that uncertainty relation (14) is more tighter for three incompatible observables. The fidelity of the experimental result is more than 98.5%, which is calculated from F (ρ, ρ 1 ) = tr (ρρ 1 ) + 1 − Tr (ρ 2 ) 1 − Tr (ρ 2 1 ), with ρ 1 = |ψ(θ, φ) ψ(θ, φ)|.
In Figure 3 , we show the experimental results of the universal uncertainty relation (21) by depicting the distributions of the left and right hand sides of "≺" in terms of Lorenz curves. The red solid line in Figure  3 represents the Lorenz curve of s. In the experiment, we choose four states |ψ( imental data for the LHS of relation (21) 
B. About the experiment and results
Our results on the variance-based uncertainty relations of equations (14) (15) agrees with the predictions of quantum mechanics, and also with previous measurements using single photon sources, e.g. see Figures 2 and 3 in Ref. [22] . The majorization uncertainty relations (17, 18) are also verified. Our results reveal that different statistics of the ensemble of quanta, i.e., the Fock state, coherent state, or thermal state, should not affect the preparation of uncertainty relation for each individual particle.
The optimality of the universal uncertainty relation is propped by the fact that some experimental data points on the Lorenz curves of the quantum states coincide with that of s and s . In other words, the bound reaches to its minimum. In our experiment, the error bars induced by the measure of intensity are rather small, because it is less affected by noises comparing to the case of single photon source. The power stability of our photon source is about 10 −3 (0.5%), and a high stability of 10 −4 has been reported in literature [30] . Although the system state has high fidelity, there are still data points drift from the theory predictions in our experiment. The main sources of this experimental error may attribute to the imperfectness of calibration and the retardation of wave plate.
IV. CONCLUSIONS
In this work, we experimentally verified two different types of uncertainty relations, the variance-based uncertainty relations and the optimal universal uncertainty relation, for qubit observables by exploring the intensity measures of a coherent beam. It is achieved by expressing the expectation values of the qubit observables in terms of Stokes parameters of the polarized beam. Of the variance-based uncertainty relations, we confirm previous measurements using single photon sources, but with a high precision. More importantly, we have made the first direct experimental test of the optimal universal uncertainty relation by measuring the Lorenz curves of the majorization relation. The incomparability of two distributions under the majorization is exhibited in our experiment. Since the measure precision of intensity relies on the laser power stability, which has now reached 10 −4 [30] , the scheme of Stokes parameters measurement makes the ultrahigh precision test of uncertainty relation to be reachable.
Note added: as our paper is finished, we notice there appears a related work of Yuan Yuan et al. [31] . Different from ours, in [31] the majorization relation was measured through Schur-concave function using the SPDC single photon source.
